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Abstract - For a proper semistable curve X over a DVR of mixed characteristics we reprove the "invariant 
cycles theorem" with trivial coefficients (see [Ch99] l i.e. that the group of elements annihilated by the monodromy 
operator on the first de Rham cohomology group of the generic fiber of X coincides with the first rigid cohomology 
group of its special fiber, without the hypothesis that the residue field of V is finite. This is done using the explicit 
description of the monodromy operator on the de Rham cohomology of the generic fiber of X with coefficients 
convergent _F-isocrystals given in [CoIolO] . We apply these ideas to the case where the coefficients are unipotent 
convergent F-isocrystals defined on the special fiber (without log-structure): we show that the invariant cycles 
theorem does not hold in general in this setting. Moreover we give a sufficient condition for the non exactness. 
Keywords: Monodromy, p-adic cohomology. 11C30(11F80) 



1 Introduction 

Let V be a complete discrete valuation ring of mixed characteristics, K its fraction field and k the residue 
field, which we assume to be perfect. Let W := W{k) denote the ring of Witt-vectors with coefficients in k 
seen as a subring of V and let Kq denote its fraction field. 

For a proper variety X over V with semistable reduction and special fiber Xi~, via the theory of log 
schemes and the work of Hyodo-Kato one defines a monodromy operator on the de Rham comology groups 
of its generic fiber Xk- It has been known for some time now that associated to this operator there is an 
analogue of the classical invariant cycles sequence |Ch99j 

H:,^{Xk) ®K„ K ^ W^^{Xk) ^ mRiXK). 

The exactness of such a sequence is implied by the weight-monodromy conjecture [Ch99) if the residue field 
k is finite. Hence the above invariant cycles sequence is exact if X is a curve or a surface (which are the 
cases in which the weight-monodromy conjecture is known) and in this case the first map is even injective if 
i = 1. I.e. the following sequence is exact: 

^ i/,\g(Xfc) ^jKo K ^ HI^{Xk) ^ HI^{Xk). (1) 

In these cases (i.e. in the cases in which the sequence ([1]) is exact) we obtain an interpretation of the part of 
the de Rham cohomology which is annihilated by the monodromy operator: it is the rigid cohomology group 
of the special fiber. On the other hand the same exact sequence gives us an interpretation a la Fontaine of 
the first rigid cohomology group, in fact we can translate the exactness as follows: since 



then 

ijlg(Xfe)-i?erys(i??t(^Kxl?),( 
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In [Colo 10] another definition of a monodromy operator was given in the case X is a curve with semistable 
reduction using the combinatorics of the curve together with the use of the analytic spaces associated to 
the generic fiber. The authors also considered the case of cohomology with coefficients and generalized 
the definition of the monodromy operator on the de Rham cohomology with coefficients non trivial log-F- 
isocrystals and they showed that it coincides with the previous definition given by Faltings |Fa| . Using 
this definition of the monodromy operator we are able (see §5) to re-prove the exactness of the invariant 
cycles sequence ([U without any hypothesis on the finiteness of the residue field. It is then natural to ask if 
such an invariant cycles sequence ^ is still exact when the log-f -isocrystals are induced from convergent 
F-isocrystals on the special fiber. This is one of themotivations of the present article. As a matter of fact, 
the invariant cycles sequence ^ involves the trivial convergent F-isocrystal on the special fiber of X and its 
rigid cohomology. Hence we start with coefficients which a priori do not have singularities being convergent 
on the special fiber without any log structure. But, even for the simplest non-trivial coefficients on a curve 
(i.e. the unipotent ones) the sequence fails sometimes to be exact and we give a sufficient condition (see 
Theorem llOp . Underlying our work, of course, is the aim of giving a cohomological interpretation for the 
part of the cohomology on which the monodromy operator acts as zero. 

Of course the invariant cycles theorem can be studied also in the £-adic and respectively the complex 
settings, where it is known for semi-simple perverse sheaves or P-modules of geometric origin and it fol- 
lows from the decomposition theorem ( |BBD) corollaire 6.2.8, [Moj theorem 19.47, jSa) . theorem 1, |DeMi) . 
theorem section 1.7). Our p-adic setting deals with unipotent, non-trivial coefficients, which are therefore 
not semi-simple. We did not find any evidence of a similar result for reducible coefficients in the ^-adic or 
complex settings, although we believe that such results should hold. 

Here it is the plan of our article. In §2 we introduce notation and recall results on rigid spaces which will 
be used in the article, in the third paragraph we recall some properties of the monodromy operator on the 
de Rham cohomology with coefficients on a curve as introduced by Coleman and lovita and of the associated 
invariant cycles sequence. In §4 we give some properties of such a monodromy operator: in particular for 
general convergent i^-isocrystals we prove that the rigid cohomology of the convergent F-isocrystal injects 
on the part of the de Rham cohomology of the associated log-F isocrystal where the monodromy acts as 
zero. In §5, we then re-prove f |Ch99) ) the invariant cycles theorem for trivial coefficients in a combinatorial 
way along the lines of the work in [Colo 10] . In §6 we study the invariant cycles sequence for unipotent 
convergent F-isocrystals and we prove a sufficient conditions for the non exactness of the sequence. Finally 
we give an explicit example of this on a Tate curve. 

We thank Benoit Larose for suggestions and helpful discussions on graph theory. We also thank Thomas 
Zink for pointing out to one of us that it would be interesting to study a Fontaine type interpretation of the 
rigid cohomology of a smooth proper variety in characteristic p. Thanks are also due to Claude Sabbah for 
interesting email exchanges on questions pertaining to this research. The first author was supported by the 
Cariparo Eccellenza Grant "Differential Methods in Arithmetic, Geometry and Algebra". The third author 
was was supported by a postdoctoral fellowship and kaken-hi (grant-in-aid) of the Japanese Society for the 
Promotion of Science (JSPS) while working on this paper at the University of Tokyo. 

2 Notation and Settings. A Mayer- Vietoris exact sequence 

We assume the notations in section [TJ Let X be a proper curve over V (of mixed characteristic) that is 
semistable, which means that locally for the Zariski topology there is an etale map to S'pec{V [x,y]/xy — tt) 
and we suppose that the special fiber, union of smooth irreducible components, has at least two components. 
We denote by Xk the special fiber of X which we suppose connected, by Xk its generic fiber and by X'^^ 
the rigid analytic generic fiber. By theorem 2.8 in [Li] X being a proper, regular curve over V is in fact a 
projective V-scheme. 
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Following |CoIo99| we associate to Xk a graph Gr{Xk) whose definition we now recall. To every irreducible 
component Cy of we associate a vertex v and ii v,w are vertices, an oriented edge e = [vjw] with origin 
V and end w corresponds to an intersection point Ce of the components Cy and C^,. We denote by Y the 
set of vertices and by the set of oriented edges. 
We have the specialization map 

sp : Xp ^ Xk 

defined in [Be]. 

For every v € 'f we define 

Xy -.^Sp-^Cy) 

and for every e G 

Xe ■.= Sp-\Ce). 

The set X^, is an open annulus in X^j^^ and Xy is what is called a wide open subspace in f [Co89) proposition 
3.3), that means an open of X^^^ isomorphic to the complement of a finite number of closed disks, each 
contained in a residue class, in a smooth proper curve over K with good reduction. If Cy and Cw intersect 
in Ce , then Xy n Xyj — X^ ■ 

One can prove that is an admissible covering of X'^^ f |Co89| ) and that wide opens are Stein spaces 

so that we can use the covering {Xy}y!zy to calculate the de Rham cohomology of X'^^ using a Cech complex. 
Moreover one can prove that the first de Rham cohomology of a wide open is finite ([Co89 theorem 4.2) 
proving a comparison theorem with the de Rham cohomology of an algebraic curve minus a finite set of 
points. Let {£, V) be a module with integrable connection on X'^^. 

Given the admissible covering {Xy}y^y that is such that its elements intersect only two by two, we can 
write the Mayer- Vietoris sequence: 

(ByerH^dni^y, {£, V)) (BeesH^^^{X,, , V)) H^^ixf, {£, V)) (2) 



^ (ByerHl^iXy, {£, V)) ®eesH\^{X,, (f , V)). 

Let us remark that every cohomology group that appears in the long exact sequence except for {^^k" ^ ^)) 
can be calculated as the cohomology of the global sections of the de Rham complex, due to the fact that 
every wide open is Stein. 

From the equation ([2]) we can deduce the short exact sequence 

H\Gr{Xk),£) — ^ i^iR {£, V))) Ker(/3) 0. (3) 

where H^{Gr{Xk),£) := Coker(a). 



3 The monodromy operator and the rigid cohomology 

We consider again a proper and semistable curve X, its generic fiber Xk and its associated rigid space X^j^. 
We recall the construction of the monodromy operator in [Colo 10] section 2.2. 

By our assumptions there is a proper scheme P over W , smooth around Xk and such that we have a global 
embedding X ^ P Xspec(w) Spec(V) — Pv- Let us denote by Pk its special fiber and by Pj^^ and P]^^ the 
rigid analytic spaces associated to P and Py; then one has the following diagram: 




Xk Pk P 
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where the map between and Pk is the speciaUzation map that we denote by spp. We also have a 
speciahzation map spp^ : P^^ — > Pk- One can consider the tubes spp^(Xfc) :=]Xfe[p and Yr- :— spp^{Xk) = 
]Xk[pv Let now £^ be a convergent F-isocrystal on Xk- It has a reahzation on ]Xk[p. {£, V) and we denote 
by {£, \7)k its base change to K. It is a module with connection on Yk- We will denote by the same symbol 
its restriction to X^jl^. We may then define the first rigid cohomology group with coefficients in E as 

H\^{X,,E) :=ff,V(]Xfe[p,(f,V)), 

which is a finite dimensional Xp-vector space. We also consider 

H^,^{Xk,E)K i/^R,(]Xfc[p,, (f , V)k) = HI^{Yk, {£,V)k). 

On the other hand we can proceed as before and take X''^ as the rigid analytic space associated to Xk, 
we then have 

ip:Xi^~^ Yk 

given by the immersion of X into Py that induces a map in cohomology 

if* : H\^{Xu,E)k HI^{Yk, {£,V)k) i?dRW. V);^). (4) 

In the notations above we define following jCoIolO] a i^T-linear map 

N : i^]R,(X^^ (£, V)k) ^ Hl^iX'^^ {£, V)k). 

Due to the fact that wide opens are Stein spaces, every element [uj] in H\^{Xki {£, V)a') can be described as 
a hypercocycle (/e)eg^), with (cj„) in fl]^ ^ £x^ and fe in £x^ that verifies that ujy\x^ — i^wlx^ = 

V(/e) if e = 

Let us remember that every X^ is an ordered open annulus; we can define a residue map 

Res : H^jXe, {£, V)k) H°^{Xe, {£, V)k) 

as follows. The module with connection {£, \7)k has a basis of horizontal sections ei, . . . , e„ on X^ because 
Xe is a residue class (lemma 2.2 of [CoIolO] ). Hence if z is an ordered uniformizer of the ordered annulus Xe 
every differential form /ie £ H^^{Xe, {£, ^)k) can be written as = J27=ii^i '-S'Sj aijz^dz) with Uij e K. 
Then Res(/Xe) = X]"=i ^^4,-161: and it is an isomorphism of vector spaces. 

For a cohomology class [w] represented as before by (/e)ee<?) we define N as the composition 

of the following maps: 

N : {£, V)k) (Bee^H^^X,, {£, V)k)) 

N :[uJ]^-> {Res{uj^ixje=[v,w]) 

and the map 



e6^i?°R(^e, {£, V)k) (BeesHXiXe, {£ , V)^)/ (Bre^ H^dRi^v, {£ , V)a') H^ni^'^^ {£, V)a) 

*:(/e)ee^-(0,/e/Im(a))^ 



and 7 and a the same map as in ([2]). 

Hence iV is defined as TV = i o TV. Note that iV^ = 0. 



In order to give an interpretation of the monodromy operator on the de Rham cohomology defined above 
we'll introduce the log formalism. The curve X can be equipped with a log structure, associated to the 
special fiber Xk which is a divisor with normal crossing and Spec(M^) with the log structure given by the 
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closed point. Pulling them back to Xk and to Spec(fc) respectively, we may consider Xk and Spec(/c) as log 
schemes, and when we want to treat them as log schemes we denote them by X^ and Spec(fc)^. The log 
structure on Spec(VF) induces a log structure on Spf(W^), and again when we want to treat it as a log formal 
scheme we denote it by Spf(VF)^. We note that in the case of the trivial isocrystal by |HK) the de Rham 
cohomology groups of the generic fiber coincide with the log-crystalline ones of X^ , base-changed to K . 
This result holds also in our case with coefficients. In fact if we start with a convergent F-isocrystal on X^, 
then one can associate to it a log-convergent F-isocrystal on X^ and then a log(-crystalline) i^-isocrystal 
on X^ (([Shi] theorem 5.3.1): we again denote it by E. 

Proposition 1. In the previous hypothesis and notations if we start with a convergent F -isocrystal E on X]. 
and we denote by {£, V) its realization on ]Xk[p, then the cohomology of the restriction {£, V)i<-) 

coincides with the log- crystalline cohomology of the associated log-F -isocrystal on X^ , ^log-aysi^k ^ -^)®Ko 
K . The monodromy operators coincide as well. 

Proof. We are in the case of |Fa| . The Frobenius structure will imply that the relative log cohomology 
arising from the deformation gives a locally free module, but it will guarantee also that the exponents of the 
associated Gauss-Manin differential system are non-Liouville numbers: hence we may trivialize the system 
by the transfer theorem |Cr] . For the coincidence of the monodromy operators we refer to [Colo 10] . □ 

Using ip* of ([4]) and the monodromy operator N we can form the following sequence 

HI^{Yk, (£, V)k) — i^^R {£, V)k) — i^dV ^)k). (5) 

In |Ch99| it is proven the following theorem when k is finite and for varieties of dimensions 1 and 2 and Xk 
projective (see also [Na] ) . 

Theorem 2. In the sequence ^ if E is the trivial isocrystal, then the map if* is injective and Imm((/3*) = 
Ker{N). 

In the next paragraph we are going to prove that if E is not necessarily the trivial isocrystal, then in 
the sequence ^ the map (p* is injective and lm{(p*) C Ker(A^). Moreover if E is the trivial isocrystal we 
will give a new proof of theorem [2] using the explicit description of the monodromy operator as introduced 
before. 

Remark 3. According to ^CoIolOf for the definition of the monodromy operator on the de Rham cohomology 
we didn't need either the Frobenius structure or an isocrystal: we just needed a connection on the generic 
fiber. In general we don't know the interpretation of such an operator in terms of the integral structures. 



4 The behavior of the monodromy operator 

We would like to study the properties of the monodromy operator as defined in the previous section and, in 
particular, the exactness of the sequence ([5]). 

As in section [2] let us consider the graph Gr{Xk) associated to Xk, with vertices in Y and edges in S'. 
For V £ we denote by Xy := sp3^"^(Ci,) and by Yy := spp^(C«); because the definition of </3, we have that 
ip{Xy) C Yy. In the same way we denote by X^ :— spx^{Ce) and by Yg := spp^(Ce); because the definition 
of (fi, we have that (p{Xe) C Ye- 

Let us note that Ye is a polidisk because P\> is smooth. We choose the admissible covering of X'^^ given by 

to calculate the de Rham cohomology using Cech complexes. 
As before let E be an F-convergent isocrystal on Xk, we can also use the Mayer- Vietoris spectral sequence 
for rigid cohomology with coefficients in E ( |Tsu| theorem 7.1.2). We pick as finite close covering of Xk the 
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covering given by {Cy}- Since every intersection of three distinct components is empty the spectral sequence 
degenerates in a Mayer- Vietoris long exact sequence f jGo] theorem 4.6.1) 

®verH°,^iC,,E) -^-^ ©ee^iI,%(Ce, E) ^ H\^{Xk.E) (6) 



whose base-change to K can be described in terms of the do Rham cohomology of Yk as 



(f , V)k) (BeesH^^iY,, {£, V)k) 



^ Wuer 

Now we study the exactness property of the sequence ([5]). 

Lemma 4. If E is a convergent isocrystal and {£, V) is the coherent module with integrahle connection 
induced by it, then the map ip* in the sequence (0) is injective. 

Proof. We fix an irreducible component d, of Xk, we want to prove that the following sequence is exact: 
H^^iY,, {£, \/)k) ^ Hl^{X., {E, V)k) HI^{X,, {£, V)k); (8) 

where the last map is the residue map and S'y := {e such that there exists a vertex w with e = [djU"]}. As 
Cv is proper and smooth the above sequence will be isomorphic to the following sequence: 

Hi^,{Cy,E) i^ig-crys(C„" ^ i?) ® if ^ Hl^{X,, {£, V)k), (9) 

where C^^ is the log scheme given by the component Cy with the log structure induced by the divisor 
given by the intersection points of with the other components. The two sequence are isomorphic be- 
cause Hl^^^{Cy,E) ® K (f, V)x) since C„ is proper and smooth, Hl^^_^^ys{C^'' , E) ® K 
H\^{Xy, (f , V)k) by |CoIolO) lemma 5.2. Moreover the second one is exact because is the Gysin sequence 
for rigid cohomology. 

In fact the Gysin sequence for rigid cohomology is the following (proposition 2.1.4 of |ChLeSj ): 

Q^H\^{Cy,E)®K^H\^{Uy,E)®K^ ^ HI^{X,,[£,V)k), (10) 

where Uy is the complement in Cy of all the points of Cy that intersect the other components of X^ ■ 
The isomorphism H}-^{Uy,E) ^ Hl^^^^^^iC^"^ , E) follows from ph02] paragraph 2.4 and pl02] theo- 
rem 3.1.1. Moreover _ff°j^(Xe, (f , V)i<-) = iJ^j^(Ye, (i^^, V)if ) because Ye and Xf. are residue classes and 
E has a basis of horizontal sections on each residue class, which means that both Hl^{Xe,{£,V)K) and 
i?°j^(ye, (f, V)k) are isomorphic to K'^ where d is the rank of £ as Oxj^-module. Moreover by the Gysin 
isomorphism in degree zero (proposition 2.1.4 of [ChLeS| ). with the same notations as before, we have 
H^^^{Cy,E) = H°.^{Uy,E), which implies that H°^iXy, (f , V)x) ^ H°^{Yy, {£,V)k), using the same tech- 
niques as before. 

Using the Mayer- Vietoris long exact sequence for rigid cohomology (O, we can pass to the following short 
exact sequence 

^ H^iGriXk),£K) H^r{Yk, {£, V)^)) ^ Ker((7) ^ 0. (11) 
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where H^{Gr{Xk), £k) Coker(a). 

Putting together Mayer- Vietoris sequences for the coverings {X^} and {Y^} respectively we obtain the 
following diagram 



^H\Gr{Xk),£K) 



^H\GriXk),£K) 




H^^^iX,,{£,V)K) 



Res 



Hl^{XK,{£,y)K) 



■H\^{Yk.{£.V)k) 



\^eHl^{X,,{£,V)K) 

^vH\^{Xv, {£,V)k) 
d,H^^{Y,,i£,V)K) -0 



(12) 



and by the snake lemma one can conclude that (p* : H^^iO^K, {£, ^)k) — > ^dni-^K' i^' ^)k) is injective 



□ 



Remark 5. Let us note that in the monodromy operator on H^^ii-^K, {£, V)k) acts as N — ^ o 9 o Res . 



Lemma 6. If E is a convergent F -isocrystal and {£, V) is the coherent module with integrable connection 
induced by it, then in the sequence 0) 

Noip* =0. 

Proof. Let us consider [uj] e H^^iO^k, {£, V)k). Then <(5*[w], which is an element of H^^{Xk, {£, V)/f ), can 
be represented by an hypercocycle {{av)viEyi {9e)e£s) where a„ G flx^ ® £x„ and in £x^ and they verify 
that a„|Xe ~ ctw\x^ = ^ide) if e = We want to calculate N {(p* {[lu])) . We now look at the diagram 

((T2|) . By the definition of N one can see that 

N{ip*{[Lu])) ^-/o9oRes{ip*{[Lu])) = o 9 o Res\xS'^x{v*H))- 

By the commutativity of the diagram ([T2l) ResiXc{'^x{'P*[^])) = -Res|jf^((y5*(7ry ([cj])). 
If we denote by = 7ry([w]), then we have to compute Res^x^i^* i'^v))'- 

Res\xJv* i^v)) = Res{(p*{LOy)ixJ = Res{(p*{'-fe)) 
where7e € £y^®^y , but as Ye is an open polydisc we have that i?ji[j^(ye, (f , V)/^) = and so i?es((^*(7e)) =0 



as claimed. 



□ 



From the above lemma we can conclude that Im((^*) C Ker(Af). Now we'd like to characterize in terms 
of residues the elements of H^^{Xk, {£, V)if ) which are in the image of ip*. 

Let us take [w] e H^^{Xk, {£, V)if ). As before we can choose a representative w = {{ujy)y^y, (/e)ee<f ), with 
(w^) in £x^ ® f^x„ ^^'^ /e which verifies that l^v\x^ ~ '^w\Xc = V(/e) if e = [w, w]. 

In the next lemma we prove a necessary and sufficient condition for an element of H^yi{.^k, {£, ^)k) to be 
in the image of the map ip*. 

Lemma 7. Let us take [uj] e H^yi{'^k,{£,^)k) o.'nd a representative uj = ((cli„)„£^, (/e)e£^) as above. 
Then Resx^(w^|Xe) = for every e ^ S if and only if [lj] G lva{ip*). 

Proof. Let us see first that if Resx^(a;^|xJ = for every e G (f, then [lu] G Im((y9*). If YiesxS'^v\x^) = 0, 
then thanks to the exact sequence (jH]) there exists 7t, G H\^{Yy, {£,\7)k) such that (p*{jy) = uj^ for every 
w G As the map Try in is surjective there exists a G H\ySXk^ {£, ^)k) such that 7ry(a) — 
Now 7rx([w] — ip*{a)) = 0, hence, looking again at diagram ([12]), there exists c G H^{Gr{Xk),£K) such that 
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[uj] — 'f*{a) — 7(c). By the commutativity of diagram (IT^ there exists an element fi £ H^j^{Yk, {£^V)k) 
such that ^p*{ij) — 7(c). (One can choose ^ ~ 5{c).) 

Viceversa if [a;] — (p*{a) for a G H\^{Yk , {S ,'^) k) ■, then (cLi„)„g^ = ip*{-ky{oi)) := ip* {a^)ve'r ■ Hence 
i?es|Xc(wi,) = Res\xSv* i^"")) every v £ Y . But as in the proof of lemma|n]one can prove that from this 
it fohows that Res\xS'^-v) ~ ^ f*-"^ every v . □ 

5 The constant coefficients case 

In this paragraph we show that if E is the trivial convergent F-isocrystal, then the condition in lemma [7] 
is fulfilled. This will imply that the sequence in ([S]) is exact and it will give a new proof of theorem [2] i.e. 
the exactness of the invariant cycles sequence under the assumption that fc is perfect instead of finite. The 
realization of E on X'j^ is the structure sheaf with trivial connection (Oxjf 

We'd like to prove that if \uj\ E H^-^{X'^^) is such that Af([w]) — 0, then one can find a hypercocycle 
{u]y,fe) representing it such that Y{.esxS'^v\x^) = 0: hence we may apply lemma[7]and conclude. 
Let (uJvjfe) be a hypercocycle representing [uj] and consider Resx^ ("^uIx^); if ['^] isinKer(iV), then (Resx^i^v\x^))e = 
in H'^{Gr{Xk),OK), that means that (ResxA^v\xJ)e € CoKer(©„6ri?dR(^t') ^ ®eGsH^Xe)). 
On the other hand, thanks to the residue theorem on wide opens (proposition 4.3 of |Co89j V for every 
irreducible component Cy in Xk, the family (Resx^{ujy\x^))e verifies that 

^ Resx.(u;.|jfj = 0, (13) 

where the notation S'^ refers to the set {e such that there exists a vertex w with e — [v, w]}. 

Hence to prove that Resx^{uJv\xJ = we are left to prove that if (Resx^{uJv\xJ)e € CoKer{(Bvey H^^{Xy) ^■ 

©ee<?^dR(^e)) every v it verifies that J2ees Resx^ ("^-uiXe) = 0; then {Resx^{(^v\xJ)e = for all e. 

So we are reduced to a linear algebra and graph theory problem, which we can translate as follows. 

Let F be a field of characteristic 0. Let G be a connected graph with n vertices and m edges. Let us denote 

by f the set of all vertices and by (o the set of all oriented edges. We use the notation e — [v,w] to indicate 

an edge between the vertex v and the vertex w. We associate to G a vector space V — ®e££^ with the 

convention that if e = [v, w] and e — [w, v] then — —ag- Then there is a map 

{av)ve'r ^ {ae)e(^s 

where ae = — \i e = [v, w]. We consider two vector subspaces W and T of ®e^s^ where 

W = {{ae)ees\{ae)eeg e lni(0)} 
T={(ae)ee^|Vi;er ^ ae = 0}. 

eeS^ 

Proposition 8. With notations as before we have W OT — 

Proof. An element (ae)ee(S' which belongs to W and to T is described by the following equations 

VveT ^ = 0. 

We can rewrite the equations as follows: 

deg{v)a^ = a^^ -\ h a„^^ (14) 
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where wi, . . . , Wg^ are the vertices connected to v by an edge and by deg('i;) :— we denote the cardinality 
of the set of the vertices connected to v. Requiring that n T = is equivalent to requiring that the linear 
system in (jl4p has a 1-dimensional space of solutions, generated by the vector (1, . . . , 1). This is equivalent 
to requiring that the matrix associated to the system in (1141) has rank n — 1, i.e. that there exists at least 
one minor of rank n — 1 whose determinant is non-zero. 

This last condition is independent of the field F, hence to prove that M/^ n T = it is enough to prove that 
the equations in (fT4|) imply that = a^. for all Wi and for all v assuming that F is a totally ordered field. 
We assume in what follows that F is a totally ordered field of characteristic 0. Let us suppose by absurd 
that the equations in (|14p do not imply that — for all w. Let us call 

= min^g-;^a„ 

which exists because our assumption that our field F is totally ordered; then a„p < for all v ^ 'f . If 
o-va = for all u e 1^ we are done, if not there exists v\ such that a^^ < ay-^ . Moreover we can suppose that 
vi is connected to vq by an edge because if not, then this means that a^^ = for all v connected to vq by 
an edge. Then if we now &x a v ^ vo that is connected to vo, we can consider all the w that are connected 
to it by an edge; if ay = aw for all these w we can go on as before. In the end we will find that all the ay 
are equal for all w G which proves the claim. 

Hence we suppose that there exists vi such that Uyg < a„j for Vi connected to vq by an edge. We consider 
the equation (|14p for v = vq and we get the contradiction 

deg{vo)ay„ < a^^ + ■ ■ ■ a^,^^ . 

□ 

With this proposition we end the proof of the exactness of the invariant cycles sequence for trivial 
coefficients. 

Remark 9. We'd like now to give another proof of proposition |S] more in the spirit of graph theory: it uses 
proposition 4.3, proposition 4.8 of [Bi], and lemma 13.1.1 of GoRo . 

Proof. The matrix associated to the linear system in (1141) is an n x n matrix A = (aij), where for i ^ j 
aij — — 1/ii.j if there are hij edges between the vertex Vi and Vj and otherwise, and a^.i = deg{vi). We 
will prove that the rank of the matrix A is n — 1. 

The matrix A is called the Laplacian matrix associated to the graph G; we will see that A — DD* and that 
D is an n X m matrix with rank n — 1. 
The following are equivalent: 

• (i) there exists an (n — 1) x (n — 1) minor of A with determinant different from zero, 

• (ii) the rank of A is (n — 1) dimensional, 

• (iii) the dimension of the Kernel of A is 1, 

• (iv) KerneKZ?*) = Kernel(A). 

Assertion (i) is independent from the field F, so we can suppose that F is the field M. 
We will prove assertion (iv). 

Let us suppose that z is a vector in R" that is in the Kernel(A), we want to prove that z e Kernel(-D*). 
Being z G Kernel(A), then 

Az = 0, 
DD*z = 
z*DD*z = 0. 
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But the last equality implies that the vector D'z has inner product with itself in R" equal to zero, that 

means that D*z is the zero vector, i.e. z S Kernel(Z3'), as we wanted. 

We are left to prove that A = DD* and that Z? is an n x to matrix with rank n — 1. 

We consider the matrix D associated to the graph G defined as follows: is n x to matrix such that 
{D)i j = 1 if the vertex Vi is such that Cj = [vi, —], {D)ij — —1 if the vertex Vi is such that Cj = [— , Vi], and 
{D)i,j — otherwise. 

Now if we consider {DD'^)ij, this is the inner product of the rows and dj. They have a non zero entry 
in the same column if and only if there is an edge between Vi and vj, and these entries are one —1 and one 
+1, hence {DD'^)ij is given by —1 times the number of edges between Vi and vj. Moreover {DD*)i^i is the 
number of entries in different from zero, which means the degree of Vi. This proves that A — DD*. 
Let us see now that D has rank n — 1. 

On every column there is a +1 and a —1, hence the sum of all the elements on the columns are zero, hence 
the rank of D is less or equal to n — 1. Let us suppose to have a linear relation 



where as before d^ is the row corresponding to the vertex Vi and suppose that not all the Ci are zero. Choose 
a row dfc for which ak ^ 0. This row has non zero entries in the columns corresponding to the edges that 
intersect Vi. For every such column there is only on other row d; with a non zero entry in that column. 
Hence we should have that a; — ak, hence a; — ak for all vertices vi adjacent to Vk- Hence all the Uk are 
equal, being the graph G connected, and the equation in ([T5|) is a multiple of J2i = 0. But (ai, . . . , a„) 
that verifies ([15]) is in Kernel(Z?*), hence we have proven that Kernel(I?*) is 1-dimensional and generated by 
(1, . . . , 1), the rank is {n — l)-dimensional and as well as the rank of D. 



6 Unipotent coefficients 

In this section we study the sequence in ([S|) when the coefficients are unipotent _F-isocrystals. In particular 
we prove that, unlike the case of constant coefficients, the sequence in ([5]) is not necessarily exact. We give 
a sufficient condition for non exactness. 

Let i5 be a unipotent convergent i^-isocrystal for which the sequence in ([5|) is exact and let us consider 
the following extension in the category of convergent i^-isocrystals 



where O is the trivial F-isocrystal. Let us also consider the element x £ Hl-^^{Xk,E) corresponding to the 
class of this extension [x is then fixed by the Frobenius operator; see propositions 1.3.1 and 3.2.1 of |ChLeS| ) 
Let us suppose that x ^Q. 

In the sequel we use sequence (O for the isocrystals F and O; to avoid confusion we denote the first maps 
by (j)*jr and respectively and the monodromy operators by Ng, Njr and respectively. 

Our assumptions imply that H^^^{Xk, E) K is isomorphic via (p'^ to Kei{N£), and this last group 
contains the image of Ng, as this operator has square zero. 

Theorem 10. Ifipl(x®l) = N£{y) fory £ HIj;^{Xk, (f, V)k), then if we denote by adu : HI^{Xk, V)k) -> 
H\y{,{-^k, {^:^)k) the map induced by a in the sequence , the following holds: 




(15) 



□ 



(16) 



Kernel(iV^) = {H}-^^{Xk, F) ® K) ® Kai, 



(y) 



10 



Proof. Let us consider the following commutative diagram 



H%^{Xk)®K- 



N" 



(17) 



No 



HI^{Xk)®K 



7dR 



7dR 



i72 (Xfc, F) if HI^{Xk. V)k) HI^{Xk. V 



HUXk)®K- 



HIk{Xk) 



H^Xk). 



Let ^}ix®l) G ip%{H\^{Xk,E)®K) = KerCA^f), with (^^x® 1) = iV£(y) and y G i?]R,(XK, (f , V)a'). One 

can notice that the class of 1 in H^^^{Xk) ® K — K in sent to x ® 1 in H^^^{Xk, E) if by the map 

Let us prove first that Njr{adR{y)) — 0. 

By the commutativity of the diagram (1171) we have that 

NA^dRiy)) = a^RiNsiy)) = adR{<p*£{x Cg) 1)) = aMS°dRW) = 0, 

hence adR(y) G Kci-{Njr). 

We claim that z — adR(y) ^ Vj^{H^[g{Xk, F) ® Let us suppose that z = adR(y) = '^itti 
&Gi?ig(Xfc,F)®if, then 

"^©(A-igl^)) = ^dR(V5>(&)) = /3dR(2) = ^dR(adR(y)) = 0. 

As ip*^ is injective we have Aig(6) = 0, hence b G Ker(/3i.ig) = Im(ai.ig), i.e. there exists a G ii^\g(Xi., E) (Si K 
such that arig(a) = 6. So 

2 = adR(y) = <P>-(6) = (y5>(arig(a)) = adR(<y3£(a)), 

from which it follows that 

y - ipl{a) G Ker(adR) = Ini((5j]R). 

But the image of is generated by fgix (S 1), as vector space, hence y — (pg(a) = mLp'^{x (g) 1) for some 

m G if . 

Now 

Neiy) - Nsiiplia)) = NeimifUx ® 1)) = 0, 

hence 
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but 

Ne{y) = vl{x®l)^G, 

which is absurd. 

We are left to prove that Va € KevNjr there exists /? G H^^^ [Xk ,F)^K and t £ K such that a — 
fjrifi) +tadR{y)- Let us calculate 

hence 

/3dR(a) e Ker(Aro) = Im((p^), 

so that there exists 7 £ H^^^{Xk) ®K such that <(5jj(7) = /3dR(a). By lemma [TT] we have 7rig(7) = 0. Hence 
there exists (3 G H^-^J^Xk, F) ® K such that /3iig(/3) — 7- Let us consider now the element a — if*jr{f3)\ it is in 
the Kernel of /3dR, because 

/3dR(« - V*AP)) = /3dR(a) - ^o(/3rig(&)) = /3dR(a) ~ ^^,(7) = 0. 

Hence there exists u e (f , Vf)^) such that adK{u) = a — iy93^(/3). Now 

amiNsiu)) = iV^(adRH) = - = 

because a £ Ker(iV;r) and Njr{Lp*-p{l3)) = by lemma El Then A'^£(u) £ Ker(adR) = Im^J^^, i.e Ngiu) = 
tifilix ® 1) = tNs{y), for some t £ if and u - ty e Ker(A^f ) = ip'^{H^-^g{Xk, E) K). Hence there exists 
/?' £ H^igiXk, E)®K such that m = + (/?')■ So 

a - V'^^-C/^) = (^ak{u) = Q:dR(% + <(5H/3')) = todR(y) + adK{v>*£{P')) 

which means that 

a = Lp*jr{fi) + todR(2/) + adR(V£(/3'))) 

but tp*j,{l3) + adR(</?£(/3')) = ¥'3=-(/3) + '/^3^("rig(/5')): hence we are done. □ 

Lemma 11. With the same hypothesis and notations as in the previous theorem, the co-boundary map 
7rig : ifjjg(Xfe) eg) K — 5- H'^ig{Xk, E) K induced by the exact sequence il6\) is the zero map. 

Proof. Clearly, the vanishing of 7rig is equivalent to the fact that the map j : H'^^^{Xk,E) eg) K — > 
H^-g{Xk, F)(E)K is injective. 

Let us first make more explicit the group H^^^{Xk, G) ® K, where G is any one of the isocrystals E, F, O 
and {Q, V) is the module with integrable connection that it induces. Let us recall the notations of section[3] 
we consider the diagram 

Xu ^ Pk ^ Pk 

with Pk smooth and let Yk spp^(^fc). Then Hl,^{Xk, G) ® K ^ Hdj^iYx: {G, V)^). 

The relevant part of the Mayer- Vietoris exact sequence for the admissible covering {Ft,}!, of Yr- then 
reads 

(BeH'dniYe, (0, V)k) HI^{Yk, {G, V)a') (B.Hj^iY,, (G, V)^) ^ ®eHjj,iY,, (G, V)^). 

As Ye is a wide open polydisk, H^^{Ye, {G,'^)k) = for i > 1, therefore we have a natural isomorphism 
H^niYK, {G, V)k) = (B^Hj^iY,, V)^). 

Moreover, as C„ which is the irreducible component of X^ corresponding to v was supposed smooth it follows 
that we have canonical isomorphisms H^^{Yy, {G, ^)k) — ^ciys(^t)j ^) ® particular, if we denote by 

Zy a smooth proper curve over K whose reduction is G^ and which contains the wide open Xy, then the 
isocrystal G can be evaluated on Zy to give a sheaf with connection which we'll denote again by (C/, V). 
Then i?^R(i;, (G, V)k) ^ H'dniZv, (0, V)k) for all ^ > 0. 
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Therefore we have a natural isomorphism H^^^{Xk,G) ® K ^ (ByH^^iZv, {G, ^)k)- 
For every vertex v we denote as before by S'y :— {e such that there exists a vertex w with e — [w, w]}. 
For every v and e G S'y we denote by Dg the residue disk of the point in Cy corresponding to e m Zy. Let 
us then remark that the family {Xy, De}ees^ is an admissible covering of Zy and Xy O — X^ for every 
e e (Sy. We will represent classes in H'^^{Zy, {Q, V)i<:) by hypercocycles for the above covering. 

We now prove the injectivity of j : H'}-^^{Xk,E) ® K — > H^^^{Xk,F) ® K. 
Let z e H^ig{Xk,E) ®K = (SyHjj^{Zy, {£,\7)k) such that j{z) = 0. Let Zy e Hj^^iZy, {£,\7)k) be the 
w-component of z and jy : H^^{Zy, {£,'V)k) — > H^^iZy, {T,V)k) be the v component of j. Obviously 
jy{zy) = and it would be enough to show that this implies Zy = for every v. 

Let (u!e)^^g be a 2-hyper cocycle representing Zy, where uje S H'^{Xe,£K ^ ^z„) ^- Then jy{zy) 

will be represented by the 2-hyper cocycle (^a{uJe)) , where let us recall a is defined by the exact sequence 
of isocrystals on X^ below 

Q^£^T-^O^0. 

As extension on X^ this is given by the class fgix (E) I) — N£{y) e H^^{Xk, {£, ^)k) and therefore, for 
every v, the sequence 

^ H''{Xy,£K) ^ H''{Xy,TK) ^ H"{Xy,Ox^) 0, 

is exact because Xy are wide opens and moreover, it is naturally split as an exact sequence of Ox^, -modules 
with connections because (^^(x® 1) — N£{y) can be represented by (0^, /e) with /e e H2^{Xe, {£, ^)k)- Let 
s : H^{Xy,OxK) — ^ H'^{Xy,J-K) be such a section of /3. We remark that it is determined by s(l), which 
IS an element of H^^{Xy, (J", V)k) such that /3(s(l)) = 1. 

Therefore, s determines, for every e € S'y, a splitting of the exact sequence 

^ H\X,,£k) ^ H°{X,,:Fk) a H''{X,,Ox^) 

which will also be called Se (it is determined by the element Se(l) = s{l)\x^)- 
Now the sequence 

^ H^iXe, {£,V)k) ^ Hllj,{X,, {T,V)k) a H^iXe, {Ox^,d)) (18) 

is exact and Se induces a natural splitting of it. 

The isocrystal G (which is any one of E, F, O regarded as a sheaf with connection on Zy) has a basis of 
horizontal sections on De, for every e G Sy. Therefore the natural restriction map H^^{De, {G,'^)k) — > 
-^dniXe, {G,'^)k) is an isomorphism. Thus the exact sequence (IT51) implies that the sequence 

Hl^ {D„ {£, V)k) ^ H^niDe, (^, V)^) A H^i^ iD,, {Ox^ ,d))^0 (19) 

is exact and naturally split, where we denote the splitting by Se- By tensoring (jl9p with fijj we obtain that 
the sequence 

^ H°{D„£k ^ H"iD„TK ^i^hj ^ H''{De,n],J ^ 

is exact, naturally split as sequence of -modules with connection and everything is compatible with 
restriction to Xg. 

Using these splittings, we write H^^Xy^Tx ® ^xj H°{Xy,£K ® ^xj © H°[Xy, ^\^) and similarly 
for sections over X^ and Df,. 

Now we go back to proving that jy is injective for all v. Suppose that jy(zy) — 0, i.e. for every e € Sy, 

ae(cJe) = ?7«|x, -Pelx, - V(/e), whcrC G H°{Xy,FK®^x^),Pe G H°{De,TK(g>^hJJe G H°{X^,Tk). 

Using the decompositions above we write (uniquely): rjy = rjy^E + Vv.Oj Pe — Pe,E + Pe.o and /e = 

/e,B + /e,G, with ?7„,£; G iJ"(X^,fK » f^xj' G ff°(l?e,fK ® f^ljj etc. 



13 



Using the fact that the decompositions respect the connections and the restrictions to X^., we obtain: 

As the decomposition is a direct sum decomposition the LHS and the RHS are 0. 

Therefore = r]y^E\x^ — Pe,E\x^ — '^{fe.s) for every e ^ S'y and we have Zy=0. □ 

A An example for a Tate curve 

In this paragraph we use exphcit calculations to confirm theorem I10[ i.e. that the sequence ([5]) is not exact 
for a certain non-trivial unipotent _F-isocrystal i? on a specific Tate curve. 

Let X be a Tate elliptic curve over K with invariant q, where q G m\> = (tt). We consider x G Hl-^^(Xk). 
Thanks to what we said before <f*Q{x ® 1) in H\^{Xk) is such that N(ipq{x (E) 1)) — 0; since H^^{Xk) is a 
2-dimensional X-vector space, then Im(A^) = Ker(A''), hence (Pq{x ® 1) G Im(A^). This means that in this 
case the hypothesis of the theorem [TOl are satisfied. 

Every element in H^^^{Xk) corresponds to an extension of the trivial F-isocrystal by itself (proposition 1.3.1 
of [ChLeSj ). hence the element x corresponds to the following exact sequence 

As before we consider iPq{x (g) 1) G H^y\,{Xk) and the exact sequence of modules with connections induced 
by the one above: 

^ iOx,,,d) ^ {£,\/)k ^ iOx,,,d) ^ 0. 

We suppose from now on that ord^q = 3. Then the graph associate to X is a triangle with vertices /, //, /// 
and edges [/, //] , [//, III] , [/, ///] . 

The element ip^ix (g) 1), as hypercocycle, can be written as {Qv,ge) with G H°{Xe); in particular 
d{ge) = 0, so ge G K. Moreover since E is an f -isocrystal, the class x is fixed by the Frobenius of H\^{Xk) 
( [ChLeSj prop 3.2.1), in particular we can take ge G Qp for every e. 

The Ojf^-module £k is locally free: on Xy it has a basis given by ei,«, 62,1; and on Xy, it has a basis given 
by ei^^, 62. u,. If on Xe we choose ei_„, 62, « as basis, then the changing basis matrix is given by 

1 9e 

1 

and the connection on X^ is given by the direct sum of the two trivial connections. 
Now we consider {ujy, /e) G H\^{Xk^ {£,'V)k), then 

Wu, — hiyjCi^yj + h2M^2,w^ 
WtO|^^ = (/ll,to + 5e^2,ii>)ei,t, + ^2,toe2,M>, 

with hi^y and /i2,« elements of 57^^ and and h2,w elements of - Let us suppose now that /e) G 
Kernel(iV£), which means that 

N£{LUy,fe) = {Q,Res\x^LOy)=Q in HI^{XkAS.^)k), 

but as the map from H^{Gr, £k) to H\^{Xk, {£, V)i<-) is injective, we have that Res^x^^v is zero as element 
of iJi(Gr, fx). 
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Let us write the system which teUs us that an element ag — (flgjOg) e H^{Gr,£K) 
written m coordinates with respect to the basis e^_i, 61,^2, is zero: 





= aj 


-a] J - 
-a] J 


[/,//]«// 


"•{iijii] = 
'^[11,111] = 


-- a} J 
- aji 


- fl/// - 


- 9[i 1 ,1 1 i]aj 1 1 


"'[I. Ill] ' 
"'[I. Ill] ' 


2 

= - 


- «}// - 
-«?// 


g[iJii]a]ii 



Moreover from the Gysin sequence ( |ChLeS) proposition 2.1.4), apphed to every component of Xk (on 
every wide open X^j {£,V)k is the direct sum of two copies of (OxjcjC?)), we can derive the fohowing 
equations: 



"'[1,11] + "-[ijii] ~ ^ 



[II, HI] "'[11,1] ^ ^ 
"[111,11] = 



a 

"[111,1 



< 



"[i,ii] ^ 
[ii,iii] 



"\L 



"[i,iii] ^ ^ 

+ "fii.i] = 




''[111,1] ^ "-[111,11] 

Putting together the previous equations and writing a linear system in terms of the a^'s, we find the following 
matrix 



A = 



( 2 



-1 


-1 

V 




2 

-9[ii,i] 
-1 

-fj[iii.i] 
-1 



-1 

2 


-1 




-9[i,ii] 
-1 



2 

-9[iii,ii] 
-1 



-1 


-1 

2 




-9[i.iii] \ 
-1 



-9[ii,iii] 
-1 


2 



where g^iji] = -9[ii,i], 9[ii,iii] = -9[iii,ii] and g[ijii] = -g[iii,i]- The matrix A has determinant equal to 
zero and dimension of the rank equal to 4. Two generators of the Kernel are the following vectors: 



1,0, 1). 

,HI^{X,,{£,W)k), we find the 



1 



ifi = (1,0,1,0,1,0) 

1 2 1 1 1 

K2 = {^9[i,ii] + gSf/,///] + -^9[ii,iii], 1, -^^[/J/] + gffl/J//] 

If we now write Ki and K2 as elements of H^{Gr,£K), i.e. as elements of 1 
following vectors: 

H, = (0,0,0,0,0,0), 

H2 = {--^g[i,ii] - -^g[ii,iii] + -^g[i,iii] , 0, --^g[i,ii] - -^g[ii,iii] + -^9[i,iii] , 0, -^g[i,ii] + -^g[ii,iii] - -^9[i,iii] , 0)- 

These computations show that the Kernel of Ng consists of the {ujy,fe) G H^^{Xk,{£,^)k) such that 
Res^x^'^v equals Hi or H2. The elements {ujv, fe) of H^^{Xk, {£, ^)k) which are such that Res\x^'-^v = Hi 
are the elements that come from H^^^{Xk, E) (g) K. 
Let us consider now the subvector space 

V = {(wi,, /e)|i?es|x,Wi> = tH2,witht G K} 

Clearly the elements of (p'^ (-ff^ig i-^k , E) ® K) are contained in V and one can see that V/^p*g {H^^^ {X^ , E) (g) K) 
is a 1-dimensional vector space, in fact two elements in V are multiples one of the other modulo an element 
of ^*iHUXk,E)^K). 
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